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Fourth and fifth places. — Por every farthing above sixpences, 4, with 
a unit of carriage for every 6 farthings. 

All subsequent places. — For every farthing above three-halfpences, 1, 
•with 6 for a denominator, and reduction to a decimal. Thus at 8f «?. the 
sixth and following figures are as in f, namely, 8333 . . 

The third rule may be advantageously abandoned in favour of the 
following: — When the fourth and fifth figures are 00, 25, 50, 75, the 
decimal has terminated; in every other case the complement to 5 of the 
fifth figure is the numerator; or, when the fifth figure is 5 or upwards, 
the complement to 10. That is, when the decimal is interminable, or when 
the fourth and fifth figures are not 00, 25, 50, 75, 
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And this sub-rule is convenient; a fifth figure three is followed by nothing 
but threes, a six by nothing but sixes. 

Yours truly, 

A. DE MOKGAN. 



ON THE FACILITY WITH WHICH THE ORDINARY ANNUITY AND 
ASSURANCE VALUES ARE DERIVED FROM THE VALUE OF 
THE ENDOWMENT. 

To the Editor of tlie Assurance Magazine. 

SiE, — The ordinary tables of life annuities and assurances which have 
hitherto been published, as well as the tables on the commutation method, 
are unquestionably of great value; but, nevertheless, are not, I submit, so 
extensively useful as they might be made by the introduction of certain 
supplemental columns of quantities required in practice, the want of which 
arises with sufficient frequency to call for their being tabulated. This view 
is, to some extent, recognised by Mr, Thomson, in his valuable work, en- 
titled Actuarial Tables; and the object of the present communication is to 
draw attention to the fact, that the values of assurances, as well as of 
annuities, fixed and increasing, temporary and deferred, may be easily 
obtained and tabulated directly from the values of endowments. 

On a previous occasion, I had the honour of addressing yon on the 
desirableness of an extension of the D and N method, by the introduction 
of columns of difierences {Assurance Magazine, vol. viii., p. 168), and 
endeavoured to point out the importance of tables in that form. I beg now 
to submit a specimen table of another kind, exhibiting various columns of 
values not usually given, the adoption of which would tend much to abridge 
or simplify certain computations, in which such values occur as functions. 
The table is similar in principle, as regai-ds a portion of the annuity values, 
to the tables given in Mr. Thomson's valuable work before mentioned, but 
differing from those tables in this respect, that the whole of the assurance 
values, as well as the values of the annuities, are derived, as above 
remarked, directly from the endowments at the corresponding ages. 
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The relation subsisting between these various values, and their resnlt- 
ance from the values of the endowments, are so obvious that demonstration 
is unnecessary; but I am not aware that any writer has pointed out such 
relation, in the manner presently shown (p. 57), as a means for the direct 
deduction of the assurance values. For this reason, I assume that my 
drawing attention to the suBject may not be altogether without interest to 
some, at least, of the members of the Institnte. 

The values in the table here given coincide with those which would be 
shown by Mr. Thomson's method, as regards columns Nos. 1, 5, and 7 of 
the annuity values, and as regards Nos. 9, 11, and 12 of the assurance 
values. The remaining columns are produced by a very obvious and easy 
process, as will appear from the following equations and explanations. 

Col 1. 

Col. 2. 
Assigning to n all values from unity to the oldest age in the table — 

».e»n=««+i; »-«a.+2=2e,+2; w-«,+3=3ex+3» &o- 
The formation of this column is obvious, and contains the product of 
the value, against each age, in col. 1, by 1, 2, 3, &c., according to the 
number of years deferred, which is represented by n, and at which the 
benefit may commence or cease. 

Col. 3. 

* 

= «» — ««-|<.' 

This column may be described as the summation of col. 1, commendng 
from the youngest age. 

Col. 4. 

4^ =«»+! + 2e,+5 =4_,+M.e,+j 

45-, =e^i+2e,+3+3,+3 =4j^+».e,+3 

««r-, =e.+i + 2ea,+3+3e^8+ • .• • • +«•«#+« = 
"I . _t _ 

=*ip^-Y| + '*'««+«=4— 4i«— »*'««-ln- 
This column is formed from col. 2, as col. 3 is from col. 1. 

* The final value in this column, which is obTiously that of an annuity for the whole 
of life. 

+ The final value of this column, which is manifestly that of an annuity increasing 
£1 per annum for the whole of life. 
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Col. 5. 

Put ar+«=the oldest age in the table. 

a!+«=anj age intermediate between x and x + z. 

«,-. =0 

^x-l •-8 = *!+« "t" ^x +»- 1 



'1 



'x+t-r^x+.-iT . . . • -r »»+,-(»-!) 



By subtraction, 

«»-jO=«x 

Oip=0a,-|l— «l+3 =«»— "aj-j 
*x-]n=<''«nn-l — ^ac+n ^"l — <^x^ 

This column is formed by summing column 1, commencing at the 
oldest age, and placing the results at each age opposite to the age one year 
younger; or, it may be formed by placing the value of the whole-life 
annuity opposite to " years deferred," and subtracting successively the 
quantities in column 1 downwards. 

Col 6. 
Putting, as before, m=1, 2, 3, &c., 

«•«»-] i±«»-]i; "•o»p=2aj,-|2; «.«,+3=3a^3, &c. 
This column is formed from col. 5 as col. 2 is from col. 1. 

Col. 7. 
Putting »+«, as before, &c., 

ix-\.=o 
4-].-i=<''i-]«-i=*»+» 



»-i»-8— V-|.-i T »^,-»— "x-i.-i -r «,-j, 



■«+.-re.+,-i 



+ (z^— nX+,_2-l- +(a— «-l)e«+,-,-i 

• * « ■ • 

«»-]i==4ia+«#ii=«<r-]»+«x-]*-i+ +<''«-]i= 

=(a— !>»+.+(»— 2)«x+,-i+ +e^a 

»ir-10=4-]l+««10=»»1. + <''.-l.-l+ «a-]0. 
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And generally, 

Or, by sabtraction, commencing at the earliest age, 

*ii!-|2=*a:-|l — (^x-a 
*»-13='a;-j2 — «a!-|2 

4-|»=4-1n-l— ««1»-1=V— 4^ — «-««-|»- 

This column is the summation of col. 5, beginning with the oldest age; 
or it may be found by placing the value of a whole term increasing annuity 
opposite " years deferred," subtracting first the whole term annuity and 
then the successive values of the deferred annuities from the value last 
found. 

Col. 8. 

*'-^*+«=the several values in column 1, each multiplied into the present 
value of £1 to be received at the end of 1 year. 

Col 9. 

Ex+i=«'— ««+i 

These values are obtained by subtracting those in col. 1 from those in 
col. 8 respectively opposite to an age 1 year younger. 

Coh. 10, 11, 12, 13, 14 and 15. 
The equations given for the annuity values in cols. 2, 3, 4, 5, 6, 
and 7, will also express the equations subsisting between the assurance 
columns by substituting E, A, I, for e, a, i; and the mode of construction 
is in all respects similar to that of the corresponding annuity columns before 
described. 

Col. 12. 

«A„=e^+, + A , eA =e^+j+A„, &c., 

and is formed by adding at each age the value in col. 1 to that in col. 11 
at the corresponding age. 

With regard to col. 8, which is introduced for the purpose of showing 
the manner in which we pass from the values of the endowment to the 
assmrance values, it may be remarked, that it consists of the several values 
of col. 1 each discounted one year. For it will be obvious that the present 
value of £1 to be received if death occur within the first year, is the 
difference between the discounted value of £1 for one year and the value of 
£1 to be received if the life survive that term; the value of £1 to be 
received if death take place within the second year will be the difference 
between the discounted value of £1 to be payable on surviving one year 
and the present value of £1 to be received on surviving two years; and so 
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forth. Owing to this relation between the endowment and the endowment- 
assurance (the latter term being used in the sense applied to it by Professor 
de Morgan in his paper in the Companion to the Almanack, and by Mr. 
Peter Gray in his Tables and Formulee), the values in col. 9 are deduced, 
viZ'. Ei,+„=tJ.e,— e^+i; E,+2=«.«,+i— e,+o, &c. 

The benefits, the present values of which are contained in the several 
columns of the table, will, I think, be sufficiently obvious without verbal 
explanation. It may be interesting, however, to compare these columnar 
results with the equivalent formulas of the commutation method, both as 
ordinarily exhibited, and in the form they would assume, did we possess the 
supplementaiy columns of differences to which attention was directed in the 
communication above referred to, viz.: — 



1. 



"x+n — 



By Commutation 
Method. 


By Commutation Method, with 
Col. of Differences. 


D.+, 






D« 








= 






= 




N,+„ 






D, 










■ • • 


vD.+n 






D« 






»D,+„-D,+„+, 






D« 
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M,-M,+, 




M.,, 




' = 


R^ln 


1>. 




• • • 


R«+n 




. 


r>^»+M,-M,+. 


^ 


D,+„-|-M,,,+, 



2. a,-, = 

"1 

8, «■ = 

i- axy, = 

5. iy, = 

6. v.e^+, = 

7. E^+„ = 

8. A_ 

9. I«^ = 

"I 

10. A,^, = 

11. I,-), = 

12. eA = - 

"1 I>« D« 

Numerous combinations of these terms are of frequent occurrence, many 
of which are interesting as regards the comparative merits of the different 
methods; but having already trespassed upon your valuable space, I will 
refrain from introducing them in the present letter. I may, at a future 
opportunity, request the favour of being allowed again to refer to the subject. 

I am. Sir, 

Your obedient servant, 
March 1863. S. L. LAUNDY. 
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